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Duality of the nonreflexive Bergman space of
the upper half plane and Composition groups
E. O. Gori and J. O. Bonyo
Abstract. We identify the predual of the nonreflexive Bergman space of
the upper half plane, L1
a
(U, µα), with the little Bloch space of the upper
half plane consisting of functions vanishing at i. We then investigate
both the semigroup and spectral properties of the adjoint groups of
composition operators which are naturally obtained from the duality
pairing and are therefore defined on the identified predual.
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1. Introduction
Let C be the complex plane. The set D := {z ∈ C : |z| < 1} is called the
open unit disc. Let dA denote the area measure on D, normalized so that
the area of D is 1. In terms of rectangular and polar coordinates, we have:
dA(z) = 1
pi
dxdy = r
pi
drdθ, where z = x+ iy = reiθ ∈ D. For α ∈ R, α > −1,
we define a positive Borel measure dmα on D by dmα(z) = (1− |z|2)αdA(z),
and thus dmα is a probability measure. Moreover, if α = 0, then dmo = dA.
We consider dmα as a weighted measure and a generalization of dA. On the
other hand, the set U := {ω ∈ C : ℑ(ω) > 0} denotes the upper half of
the complex plane C, with ℑ(ω) being the imaginary part of ω ∈ C. For
α > −1, we define a weighted measure on U by dµα(ω) = (ℑ(ω))αdA(ω),
where ω ∈ U. Again it can easily be seen that α = 0 coincides with the
unweighted measure. The function ψ(z) = i(1+z)1−z is referred to as the Cayley
transform and maps the unit disc D conformally onto the upper half-plane U
with the inverse ψ−1(ω) = ω−i
ω+i .
For an open subset Ω of C, let H(Ω) denote the space of analytic functions
on Ω. For 1 ≤ p < ∞, α > −1, the weighted Bergman space of the upper
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half-plane U is defined by
Lpa(U, µα) :=
{
f ∈ H(U) : ‖f‖Lpa(U,µα) =
(∫
U
|f(z)|pdµα(z)
) 1
p
<∞
}
.
In particular, Lpa(U, µα) = L
p(U, µα) ∩ H(U), where Lp(U, µα) or simply
Lp(µα) denotes the classical Lebesque spaces with respect to the weighted
measure dµα. It is important to note that the case α = 0 yields the unweighted
Bergman space. Lpa(U, µα) is a Banach space with respect to the norm
‖f‖Lpa(U,µα) =
(∫
U
|f(z)|pdµα(z)
) 1
p
<∞.
For p = 2, L2a(U, µα) is a Hilbert space. The growth condition for the weighted
Bergman space functions is given by: For every f ∈ Lpa(U, µα), γ =
α+2
p
and
ω ∈ U, there exists a constant K such that,
|f(ω)| ≤
K‖f‖
(ℑ(ω))γ
.
For a detailed account of the theory of Bergman spaces, we refer to [7, 11, 13].
On the other hand, the Bloch space of the unit disk, denoted by B∞(D), is
defined by
B∞(D) := {f ∈ H(D) : ‖f‖B∞,1(D) = sup
z∈D
(1− |z|2)|f ′(z)| <∞},
with the norm on B∞(D) is given by ‖f‖B∞(D) := |f(0)|+ ‖f‖B∞,1(D), while
‖.‖B∞,1(D) is a seminorm.
The Bloch space of the upper half plane denoted by B∞(U) is defined by
B∞(U) := {f ∈ H(U) : ‖f‖B∞,1(U) = sup
ω∈U
ℑ(ω)|f ′(ω)| <∞},
with the norm given by ‖f‖B∞(U) = |f(i)| + ‖f‖B∞,1(U). The little Bloch
space of the unit disk denoted by B∞,◦(D) is defined as
B∞,◦(D) := {f ∈ H(D) : lim
|z|→1
(1− |z|2)|f ′(z)| = 0}
but with the same norm as B∞(D), while for the upper half-plane, the little
Bloch space is denoted by B∞,◦(U) and is defined by
B∞,◦(U) := {f ∈ H(U) : lim
ℑ(ω)→0
ℑ(ω)|f ′(ω)| = 0}
with the same norm as B∞(U). For a comprehensive theory of Bloch spaces,
see [13, 14].
The duality properties of Bergman spaces are well known in literature. For
instance in [13, Theorem 4.2.9], it is proved that for 1 < p < ∞, 1
p
+ 1
q
= 1
and α > −1, the dual space of the Bergman space Lpa(D,mα) is given by
(Lpa(D,mα))
∗ ≈ Lqa(D,mα) under the duality pairing,
〈g, f〉 =
∫
D
g(z)f(z)dmα (g ∈ L
p
a(D,mα), f ∈ L
q
a(D,mα)).
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For the non-reflexive Bergman space on the unit disk, L1a(D,mα), it is shown
in [13, Theorems 5.1.4 and 5.2.8] that the dual and predual spaces of L1a(D,mα)
are the Bloch space and the little Bloch space respectively. In particular,
(L1a(D,mα))
∗ ≈ B∞(D) and (B∞,◦(D))∗ ≈ L1a(D,mα) under the duality pair-
ings given by respectively,
〈g, f〉 =
∫
D
g(z)f(z)dmα(z) (g ∈ L
1
a(D,mα), f ∈ B∞(D)),
and
〈g, f〉 =
∫
D
g(z)f(z)dmα(z) (f ∈ L
1
a(D,mα), g ∈ B∞,◦(D)).
For the corresponding spaces of the upper half plane, it has been proved and
noted that the dual space of the reflexive Bergman space of the upper half
plane Lpa(U, µα) is L
q
a(U, µα) for 1 < p, q <∞ with
1
p
+ 1
q
= 1 under a similar
pairing as above. See for instance, [2, 3, 4] or [11] for details. When p = 1,
the space L1a(U, µα) is non-reflexive, and it’s recently that the dual was de-
termined by Kang [8] as we give in Theorem 2.1 stated in the next section.
Apparently, the predual of L1a(U, µα) is not explicitly clear from the litera-
ture. Generally, there’s no unified and comprehensive exposition of properties
of the analytic spaces of upper half plane U as there is for the corresponding
spaces on the unit disk D. Therefore, the first focus of this paper is to deter-
mine the predual of L1a(U, µα), that is, identifying the space whose dual is
L1a(U, µα).
Let Aut(U) denotes the collection of all automorphisms of U. For ϕt ∈
Aut(U), t ≥ 0, we define a composition operator on H(U) by Cϕtf := f ◦ϕt.
The corresponding group of weighted composition operator on H(U) is there-
fore given by Ttf := Sϕtf = (ϕ
′
t)
γf ◦ ϕt for some appropriate weight γ.
Motivated by the work of Arvanitidis and Siskakis in [2], the current second
author and three others in [3] classified all the self - analytic maps of the up-
per half plane into three distinct groups, namely: the scaling, the translation
and the rotation groups. They then studied both the semigroup and spectral
properties of the corresponding groups of weighted composition operators. As
for the properties of the adjoint groups on the reflexive weighted Bergman
spaces Lpa(U, µα), 1 < p < ∞, only the scaling group was considered in [3]
and later completed for the other two groups by the second author in [4]. In
this paper, we investigate the adjoint properties of the groups of weighted
composition operators on nonreflexive Bergman space L1a(U, µα).
Let X and Y be Banach spaces over C. The space L(X,Y ) = {T : X → Y
such that T is linear and continuous}, endowed with the operator norm
‖T ‖ = sup‖x‖≤1 ‖Tx‖, is a Banach space [5]. We write L(X,X) = L(X).
T is said to be a closed operator if its graph {(x, Tx) | x ∈ D(T )} in X × Y
is closed. Let T be a closed operator on X . The resolvent set of T , ρ(T ) is
given by ρ(T ) = {λ ∈ C : λI − T is invertible or bijective} and its spectrum
σ(T ) = C \ ρ(T ). Therefore σ(T ) ∪ ρ(T ) = C. The spectral radius of T is
defined by r(T ) = sup{|λ| : λ ∈ σ(T )} with the relation r(T ) ≤ ‖T ‖. The
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point spectrum σp(T ) = {λ ∈ C : Tx = λx for some 0 6= x ∈ dom(T )}. For
λ ∈ ρ(T ), the operator R(λ, T ) := (λI − T )−1 is, by the closed graph theo-
rem a bounded operator on X and is called the resolvent of T at the point
λ or simply the resolvent operator. In fact, ρ(T ) is an open subset of C and
R(λ, T ) : ρ(T ) → L(X) is an analytic function. For a detailed theory on
spectra, we refer to [5, 6, 9, 12].
2. Predual of Non-reflexive Bergman space of the upper
half-plane L1
a
(U, µ
α
)
Let B∞(U, i) denote the subspace of the Bloch space B∞(U) consisting of
functions vanishing at i. Therefore B∞(U, i) is defined as
B∞(U, i) := {f ∈ B∞(U) : f(i) = 0}.
Then B∞(U, i) is a closed subspace of B∞(U) and therefore is a Banach space
with respect to the norm ‖f‖B∞,i := ‖f‖B∞(U) = ‖f‖B∞,1(U). Similarly, let
B∞,◦(U, i) denotes the subspace of B∞,◦(U) consisting of functions vanishing
at i. Therefore
B∞,◦(U, i) := {f ∈ B∞,◦(U) : f(i) = 0},
with the norm ‖f‖B∞,i := ‖f‖B∞(U) = ‖f‖B∞,1(U). Again, B∞,◦(U, i) is a
Banach space with respect to the norm given above.
The following result due to Kang [8] gives the dual of L1a(U, µα);
Theorem 2.1. For any α ∈ R, α > −1, we have
(L1a(U, µα))
∗ ≈ B∞(U, i),
under the integral pairing
〈g, f〉 =
∫
U
g(w)f(w)dµα(w) (g ∈ L
1
a(U, µα), f ∈ B∞(U, i)).
With the help of Theorem 2.1 above, we determine the predual space
of L1a(U, µα), that is, a set whose dual is L
1
a(U, µα), but first we state some
results.
Let C(U) be the algebra of complex valued continuous functions on U, and
C◦(U) be the subalgebra of C(U) consisting of functions f such that f(ω)→ 0
as ℑ(ω)→ 0.
Proposition 2.2. C◦(U) := {g ◦ ψ−1 : g ∈ C◦(D)}.
Proof. Let K ⊂ U be compact. Since Cayley transform ψ : D → U is a
continuous bijection, it follows that K ⊂ U is compact if and only if ψ−1(K)
is compact in D. If f ∈ C◦(U) and ǫ > 0, then there exists K compact in U
such that supw∈U\K |f(w)| < ǫ.
Now, g = f ◦ ψ is continuous on D with f = g ◦ ψ−1, and
sup
z∈D\ψ−1(K)
|g(z)| = sup
w∈U\K
|f(w)| < ǫ.

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Proposition 2.3. Let Cψ be the composition by ψ operator. Then
1. f ∈ B∞(U) if and only if Cψf ∈ B∞(D). In particular, ‖f‖B∞,1(U) =
1
2‖Cψf‖B∞,1(D).
2. f ∈ B∞,◦(U) if and only if Cψf ∈ B∞,◦(D).
3. f ∈ L1(U, µα) if and only if Sψf ∈ L1(D,mα). In particular, ‖f‖L1a(U,µα) =
1
2α ‖Sψf‖L1(D,mα).
4. f ∈ L∞(U, µα) if and only if Cψf ∈ L∞(D,mα).
Proof. For (1), if f ∈ B∞(U), then by definition,
‖f‖B∞,1(U) = sup
ω∈U
(ℑ(ω))|f ′(ω)| = sup
z∈D
1− |z|2
|1− z|2
|f ′(ψ(z))|
=
1
2
sup
z∈D
(1− |z|2)|ψ′(z)||f ′(ψ(z))| =
1
2
sup
z∈D
(1 − |z|2)|(f ◦ ψ)′(z)|
=
1
2
‖f ◦ ψ‖B∞,1(D).
For (2), we have f ∈ B∞,0(U) is equivalent to
lim
ℑ(ω)→0
(ℑ(ω))|f ′(ω)| = lim
ℑ(ψ(z))→0
1− |z|2
|1− z|2
|f ′(ψ(z))| =
1
2
sup
|z|→1
(1− |z|2)|(f ◦ ψ)′(z)| = 0,
which in turn is equivalent to f ◦ψ ∈ B∞,0(D), as desired. For f ∈ L1a(U, µα),
we have
‖f‖L1a(U,µα) =
∫
U
|f(ω)| dµα(ω)
=
∫
U
|f(ω)|ℑ(ω)α dA(ω)
=
∫
D
|f(ψ(z))|
(
1− |z|2
|1− z|2
)α
|ψ′(z)|2 dA(z)
= 12α
∫
D
|f(ψ(z))||ψ′(z)|α+2 dmα(z)
= 12α
∫
D
(ψ′(z))γ |f(ψ(z))| dmα(z)
= 12α ‖Sψf‖L1(D,mα),
which proves (3). Now, f ∈ L∞(U, µα) means that f is essentially bounded
which implies that f ◦ψ is essentially bounded as well. Since ψ is an invertible
mapping from D onto U, it follows that f ◦ ψ ∈ L∞(D,mα). The converse
follows similarly. This completes the proof. 
Remark 2.4. It is easy to verify that Cψ−1 = C
−1
ψ . Proposition 2.3 above
therefore implies that Cψ is an is an isometry up to a constant and at the
same time invertible on the respective spaces with the inverse also acting on
the appropriate spaces.
More generally, let {V1, V2} = {D,U}, and let LF (Vi, Vj) denote the collection
of conformal mappings from Vi onto Vj . Then LF (Vi, Vi) = Aut(Vi), and if
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h ∈ LF (Vi, Vj), then g ∈ Aut(Vj) 7→ h−1 ◦ g ◦ h ∈ Aut(Vi) is an isomorphism
from Aut(Vi) onto Aut(Vj). For each g ∈ LF (Vi, Vj), we define a weighted
composition operator Sg : H(Vj) → H(Vi), by
Sgf(z) = (g
′(z))γf(g(z)), for all z ∈ Vi. (2.1)
We note that if g ∈ LF (Vi, Vj) and h ∈ LF (Vj , Vi), then it is clear by chain
rule that ShSg = Sgh and S
−1
g = Sg−1 .
Using Propositions 2.2 and 2.3 above, we obtain the following result
which is the upper half-plane analogue of [13, Lemma 5.14].
Proposition 2.5. For t > 0, α > −1, let the integral operator T on H(D) be
defined by
Tf(z) = (1 − |z|2)t
∫
D
f(w)
(1− zw)2+t+α
dmα(w).
Let S be the corresponding integral operator on H(U) defined by
S := Cψ−1TCψ. Then the following properties hold:
(a) S = (α+ t+ 1)S2,
(b) S is a bounded embedding of B∞(U) into L
∞(U) and
(c) S is an embedding of B∞,◦(U) into C◦(U).
Proof. From [13, Lemma 5.14], we have,
S = Cψ−1TCψ = Cψ−1(α+ t+ 1)T
2Cψ
= (α+ t+ 1)Cψ−1T
2Cψ
= (α+ t+ 1)S2,
which proves (a).
For (b), we have
B∞(U)
Cψ
−−→ B∞(D)
T
−→ L∞(D)
C
ψ−1
−−−−→ L∞(U).
Now, Cψ is an isometry of B∞(U) onto B∞(D) up to constant, T is a bounded
embedding of B∞(D) into L
∞(D) [13, Lemma 5.14], Cψ−1 is also an isometry
of L∞(D) onto L∞(U), it therefore follows that S = Cψ−1TCψ is a bounded
embedding of B∞(U) into L
∞(U).
For (c), we have
B∞,◦(U)
Cψ
−−→ B∞,◦(D)
T
−→ C◦(D)
C
ψ−1
−−−−→ C◦(U).
Cψ is a bijection of B∞,◦(U) into B∞,◦(D), T is an embedding of B∞,◦(D)
into C◦(D) [13, Lemma 5.14], and on the other hand, Cψ−1 is also a bijection
of C◦(D) into C◦(U). Therefore S = Cψ−1TCψ is an embedding of B∞,◦(U)
into C◦(U), which completes the proof. 
We now establish the predual space of L1a(U, µα) as we give in the fol-
lowing theorem:
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Theorem 2.6. For any α > −1, we have;
(B∞,◦(U, i))
∗ ≈ L1a(U, µα),
under the pairing
〈g, f〉 =
∫
U
g(ω)f(ω)dµα(ω),
where g ∈ B∞,◦(U, i) and f ∈ L
1
a(U, µα). Here, B∞,◦(U, i) is equipped with
the same norm as B∞(U, i).
Proof. If f ∈ L1a(U, µα), then by Theorem 2.1 above, g 7−→
∫
U
g(ω)f(ω)dµα(ω)
defines a bounded linear functional on B∞,◦(U, i). Conversely, if F is a
bounded linear functional on B∞,◦(U, i), we want to show that there ex-
ists a function f ∈ L1a(U, µα) such that F (g) =
∫
U
g(ω)f(ω)dµα(ω) for g in a
dense set of B∞,◦(U, i).
Now we fix any positive parameter t and consider the embedding S ofB∞,◦(U, i)
into C◦(U) as given by Prop 2.5. The space X = S(B∞,◦(U, i)) is a closed
subspace of C◦(U) and F ◦ S−1 : X → C is a bounded linear functional
on X since F and S−1 are both bounded. By the Hahn-Banach extension
theorem, F ◦ S−1 extends to a bounded linear functional on C◦(U). By the
Riesz representation theorem, there exists a finite weighted measure µα on U
such that ‖µα‖ = ‖F ◦ S−1‖ and F ◦ S−1(h) =
∫
U
h(z)dµα(z), h ∈ C◦(U). In
particular, if g is a polynomial (polynomials are dense in B∞,◦(U, i)), then
F (g) = F ◦ S−1 ◦ S(g) =
∫
U
Sg(z)dµα(z). By Fubini’s theorem, we have
F (g) =
∫
U
g(ω)f(ω)dµα(ω), where f = Cψ−1TCψ which is bounded since T
is bounded. 
3. Groups of weighted composition operators on predual of
L1
a
(U, µ
α
)
As remarked in the section 1, the automorphisms of the upper half plane
U was classified into three distinct groups in [3], namely: the scaling, the
translation and the rotation groups. Since the corresponding groups of com-
position operators for the rotation group are defined on the analytic spaces
of the unit disk, we shall only consider groups of composition operators as-
sociated with the scaling and the translation groups in this paper. It will
turn out that these are strongly continuous groups of invertible isometries on
the Bloch space B∞,◦(U, i). We shall identify the infinitesimal generator of
each group and determine the spectra of both the generator as well as the
resulting resolvents. These results complete the analysis of the adjoints of the
weighted composition groups on the weighted Bergman spaces of the upper
half plane initiated by [3] and [4].
3.1. Scaling group
The automorphisms of this group are of the form ϕt(z) = k
tz, where z ∈ U
and k, t ∈ R with k 6= 0. As noted in [3] and without loss of generality,
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we consider the analytic self maps ϕt : U → U of the form ϕt(z) = e−tz
for z ∈ U. The corresponding group of weighted composition operators on
Lpa(U, µα) is given by Ttf(z) = e
−tγf(e−tz), for all f ∈ Lpa(U, µα), where
γ=α+2
p
and 1 ≤ p < ∞. For p = 1, (Tt)t≥0 is defined on L1a(U, µα) with
γ = α+ 2.
Following Theorem 2.6, the predual of L1a(U, µα) is given by the duality
relation
(B∞,◦(U, i))
∗ ≈ L1a(U, µα) (3.1)
under the integral pairing
〈g, f〉 =
∫
U
g(w)f(w)dµα(w), (3.2)
where g ∈ B∞,◦(U, i) and f ∈ L
1
a(U, µα).
Using the duality pairing above, we obtain the corresponding group of weighted
composition operators on B∞,◦(U, i) as below:
Let g ∈ B∞,◦(U, i) and f ∈ L1a(U, µα), then,
〈g, Ttf〉 =
∫
U
g(z)e−tγf(e−tz)dµα(z)
=
∫
U
g(z)e−tγf(e−tz)(ℑ(z))αdA(z).
By change of variables, let ω = e−tz, then z = etω, dA(ω) = e−2tdA(z) and
ℑ(z) = etIm(ω). Then,
〈g, Ttf〉 =
∫
U
g(etω)e−tγf(ω)eαt(ℑ(ω))αe2tdA(ω)
=
∫
U
g(etω)e−tγetγf(ω)dµα(ω)
=
∫
U
g(etω)f(ω)dµα(ω) = 〈T
∗
t g, f〉.
Now, we define St := T
∗
t on B∞,◦(U, i) and therefore Stg(ω) := g(e
tω) is a
semigroup or group of composition operators defined on B∞,◦(U, i). We shall
carry out a complete study of both the semigroup and spectral properties of
this group. We begin by proving the strong continuity property.
Theorem 3.1. Let Stg(w) := g(e
tw) be a semigroup of composition opera-
tors defined on B∞,◦(U, i). Then, (St)t∈R is a strongly continuous group of
isometries on B∞,◦(U, i).
Proof. It is clear from the definition that (St)t∈R is a group. To prove that
(St)t∈R is an isometry on B∞,◦(U, i), we have;
‖Stg‖B∞,◦(U,i) = sup
ω∈U
ℑ(ω)|Stg
′(ω)|
= sup
ω∈U
ℑ(ω)et|g′(etω)|.
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Now by change of variables, let z = etω then ω = e−tz, and ℑ(ω) = e−tℑ(z).
Therefore,
‖Stg‖B∞,◦(U,i) = sup
z∈U
e−tℑ(z)et|g′(z)|
= sup
z∈U
ℑ(z)|g′(z)|
= ‖g‖B∞,◦(U,i), as desired.
For strongly continuity, we first take note that St = Cϕ−t since Stg(ω) =
g(ϕt(ω)). Then by Proposition 2.3, it is easy to see that Cψ−t is strongly
continuous on B∞,◦(U, i) if and only if (Cψ−1◦ϕ−t◦ψ)t∈R is strongly continuous
on B∞,◦(D, 0), where B∞,◦(D, 0) is the subspace of B∞,◦(D) consisting of
functions vanishing at point 0. Now by simple computation of ψ−1◦ϕ−t◦ψ(z),
we obtain;
ψ−1 ◦ ϕ−t ◦ ψ(z) =
z − 1−e
t
1+et
1− 1−e
t
1+et z
=
z − at
1− atz
,
where at =
1−et
1+et . As t→ 0, at → 0. Let ha(z) =
z−at
1−atz
= ψ−1◦ϕ−t◦ψ(z), then
for strong continuity, it therefore suffices to show that ‖Chaf−f‖B∞,◦(D,0) →
0 as a → 0 (at → 0). Using the density of polynomials in B∞,◦(D, 0), let
f(z) = zn. Then Chaz
n − zn = (ha(z))n − zn, n ≥ 1, and
(Chaf − f)
′(z) = n[(ha(z))
n−1h′a(z)− z
n−1].
But ha(z) =
z−at
1−atz
, and hence h′a(z) =
1−atat
(1−atz)2
. Therefore,
(Chaf − f)
′(z) = n
[
(ha(z))
n−1(1− atat)
(1− atz)2
− zn−1
]
= n
[
( z−at1−atz )
n−1(1 − atat)
(1 − atz)2
− zn−1
]
= n
[
(z − at)n−1(1− atat)− zn−1((1− atz)n+1)
(1 − atz)n+1
]
.
Now,
lim
a→0
‖Chaf − f‖B∞,◦(D,0) = lim
a→0
(
sup
z∈D
(1− |z|2)|(Chaf − f)
′|(z)
)
= lim
t→0
(
sup
z∈D
(1− |z|2)
∣∣∣∣n
[
(zn−1)(1)− zn−1(1)
(1)n+1
]∣∣∣∣
)
= lim
t→0
(
sup
z∈D
(1− |z|2)
∣∣n[zn−1 − zn−1]∣∣)
= 0.
Hence, (St)t∈R is strongly continuous on B∞,◦(U, i), as claimed. 
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Theorem 3.2. The infinitesimal generator Γ of (St)t≥0 on B∞,◦(U, i) is given
by Γg(ω)=ωg′(ω) with the domain D(Γ) = {g ∈ B∞,◦(U, i) : ωg′(ω) ∈
B∞,◦(U, i)}.
Proof. By definition, the infinitesimal generator denoted by Γ of (St)t≥0 is
given by;
Γg(ω) = lim
t→0+
g(etω)− g(ω)
t
=
∂
∂t
g(etω)
∣∣∣∣
t=0
= ωg′(ω).
It therefore follows that D(Γ) ⊆ {g ∈ B∞,◦(U, i) : ωg′(ω) ∈ B∞,◦(U, i)}.
To prove the reverse inclusion, we let g ∈ B∞,◦(U, i) be such that ωg′(ω) ∈
B∞,◦(U, i). Then for ω ∈ U, we have;
Stg(ω)− g(ω) =
∫ t
0
∂
∂s
g(esω) ds
=
∫ t
0
esωg′(esω) ds
=
∫ t
0
SsG(ω) ds where G(ω) = ωg
′(ω).
Thus,
lim
t→0+
Stg − g
t
= lim
t→0+
1
t
∫ t
0
SsG(ω) ds
and strong continuity of (Ss)t≥0 implies that
1
t
∫ t
0
‖SsG − G‖ds → 0 as
t → 0+. Hence D(Γ) ⊇ {g ∈ B∞,◦(U, i) : ωg′(ω) ∈ B∞,◦(U, i)}, which
completes the proof. 
Now for the spectral properties, we obtain the spectra of the generator
Γ, determine the resolvents and further obtain the spectra and the norms of
the resulting resolvents.
Theorem 3.3. Let Γ be the infinitesimal generator of (St)t∈R on B∞,◦(U, i).
Then σp(Γ) = ∅ and σ(Γ) = iR. In particular, Γ is an unbounded operator
on B∞,◦(U, i).
Before we prove this theorem, we first give the following Lemma:
Lemma 3.4. If ν ∈ C and c ∈ R, we have
1. g(ω) = cων /∈ B∞,0(U) for any c
2. f(ω) = (w − i)ν ∈ B∞,0(U) if and only if ℜ(ν) < 0.
In particular, g(ω) /∈ B∞,0(U, i) for any c and f(ω) ∈ B∞,0(U, i) if and
only if ℜ(ν) < 0.
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Proof. From Proposition 2.3, we know that g ∈ B∞,◦(U) if and only if g ◦ψ ∈
B∞,◦(D). Then for z ∈ D,
(g ◦ ψ)(z) = g(ψ(z)) = c(ψ(z))ν = c(
i(1 + z)
1− z
)ν
= ci(1 + z)ν(1 − z)−ν.
Now g ◦ ψ ∈ H(D) if and only if ℜ(ν) > 0 and ℜ(−ν) > 0 which is not
possible, and therefore g ◦ ψ /∈ H(D). Hence g /∈ B∞,0(U). This proves (1).
For (2), following [3, Lemma 3.2], for any ν ∈ C, (w− i)ν ∈ H(U) if and
only if ℜ(ν) < 0 since γ = 0 in this case.
The particular cases follow immediately since B∞,0(U, i) ⊆ B∞,0(U) and
g(i) 6= 0 for (1), while f(i) = 0 for (2). 
Proof of Theorem 3.3. To obtain the point spectrum of Γ, let λ be an eigen-
value of Γ and g be the corresponding eigenvector. Then Γg(ω) = λg(ω) is
equivalent to ωg′(ω) = λg(ω) which yields ωg
′(ω)
ω
= λg(ω)
ω
by dividing both
sides by ω. By integrating both sides, we obtain g(ω) = cωλ, which is not in
B∞,◦(U, i) for any c. Therefore σp(Γ) = ∅.
Since each St is an invertible isometry, its spectrum satisfies σ(St) ⊆ ∂D.
Therefore the spectral mapping theorem for strongly continuous groups [10,
Theorem 2.3] implies that etσ(Γ) ⊆ σ(St) ⊆ ∂D. Now let λ ∈ σ(Γ), then
|etλ| = 1 which further implies that ℜ(λ) = 0. Thus λ ∈ iR and therefore
σ(Γ) ⊆ iR.
We now need to show the reverse inclusion, that is, iR ⊆ σ(Γ). Fix λ ∈ iR
and assume λ /∈ σ(Γ) which implies that the resolvent operator R(λ,Γ) :
B∞,◦(U, i) → B∞,◦(U, i) is bounded. Consider the function h(w) = (w −
i)−(λ+1). Then ℜ(−(λ+ 1)) = −1 < 0 and following Lemma 3.4, it is imme-
diate that h ∈ B∞,◦(U, i). The image function f = R(λ,Γ)h is equivalent to
(λ− Γ)f = h which yields a differential equation
f ′(ω)−
λ
ω
f(ω) = −
h(ω)
ω
,
whose general solution is
f(ω) = (ω − i)−λ + cωλ
which does not belong to B∞,◦(U, i) for any c, by Lemma 3.4. Thus h /∈
R(λ− Γ) and so σ(Γ) = iR. 
Theorem 3.5. Let Γ be the infinitesimal generator of (St)t∈R. Then the fol-
lowing hold;
1. For λ ∈ ρ(Γ), and h ∈ B∞,◦(U, i) then,
(i) R(λ,Γ)h(ω) = ωλ
∫∞
ω
1
zλ+1
h(z) dz, if ℜ(λ) > 0.
(ii) R(λ,Γ)h(ω) = −ωλ
∫ ω
0
1
zλ+1
h(z) dz, if ℜ(λ) < 0.
2. σ(R(λ,Γ)) =
{
ω : |ω − 12ℜ(λ) | =
1
2ℜ(λ)
}
.
3. r(R(λ,Γ)) = ‖R(λ,Γ)‖ = 1|ℜ(λ)| .
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Proof. To prove (1), we take note the resolvent set is given as ρ(Γ) = {λ ∈
C : Re(λ) 6= 0}. We therefore consider the following cases:
Case 1: If Re(λ) > 0, then the resolvent operator is given by the Laplace
transform: For every h ∈ B∞,◦(U, i), we have R(λ,Γ)h =
∫∞
0 e
−λtSthdt with
convergence in norm. Therefore, R(λ,Γ)h =
∫∞
0 e
−λth(etω)dt. By change of
variables, let z = etω, then ω = e−tz, dz
dt
= ωet then dt = dz
ωet
= dz
z
. Therefore
when t = 0⇒ z = ω and t =∞⇒ z =∞, and so;
R(λ,Γ)h(ω) =
∫ ∞
ω
e−λth(z)
dz
z
=
∫ ∞
ω
( z
ω
)−λ 1
z
h(z)dz
= ωλ
∫ ∞
ω
1
zλ+1
h(z)dz.
Case 2: If Re(λ) < 0, then R(λ,Γ)h = −R(−λ,−Γ)h = −
∫∞
0
eλth(e−tω)dt.
Then again by change of variables, let z = e−tω, then et = ω
z
, dz
dt
= −ωe−t
and dt = −dz
ωe−t
= − dz
z
. Therefore t = 0⇒ z = w and t =∞⇒ z = 0 and so;
R(λ,Γ)h(w) = −
∫ 0
ω
eλth(z).−
dz
z
= −
∫ ω
0
(ω
z
)λ
h(z).
dz
z
= −ωλ
∫ ω
0
(
1
z
)λ
.
1
z
h(z)dz
= −ωλ
∫ ω
0
1
zλ+1
h(z)dz.
To prove (2), we use the spectral mapping theorem for the resolvents which
asserts that σ(R(λ,Γ)) =
{
1
λ−µ : µ ∈ σ(Γ)
}
\ {0} for λ ∈ ρ(Γ). Therefore,
σ(R(λ,Γ)) =
{
1
λ− ir
: r ∈ R
}
\ {0}
=
{
1
ℜ(λ) + i(Im(λ)− r)
: r ∈ R
}
\ {0}.
Rationalizing the denominator and simplifying we get
σ(R(λ,Γ)) =
{
(ℜ(λ)−i(ℑ(λ)−r))
(ℜ(λ))2+(ℑ(λ)−r)2 : r ∈ R
}
.
Now by letting w = (ℜ(λ)−i(ℑ(λ)−r))(ℜ(λ))2+(ℑ(λ)−r)2 , subtracting
1
2ℜ(λ) and finding the mag-
nitude of both sides we get,
∣∣∣∣w − 12ℜ(λ)
∣∣∣∣
2
=
1
(2ℜ(λ))2
,
and so ∣∣∣∣w − 12ℜ(λ)
∣∣∣∣ = 12ℜ(λ) .
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Therefore, σ(R(λ,Γ)) =
{
w : |w − 12ℜ(λ) | =
1
2ℜ(λ)
}
. For part (3), the spectral
radius r(R(λ,Γ)) is given by;
r(R(λ,Γ)) = sup{|w| : w ∈ σ(R(λ,Γ))}
= sup
{
|w| :
∣∣∣∣w − 12Re(λ)
∣∣∣∣ = 12Re(λ)
}
=
1
|Re(λ)|
.
Finally to determine ‖R(λ,Γ)‖, we use the Hille Yosida theorem as well as
the fact that the spectral radius is always bounded by the norm. Therefore,
1
|Re(λ)|
= r(R(λ,Γ)) ≤ ‖R(λ,Γ)‖ ≤
1
|Re(λ)|
.
Thus, r(R(λ,Γ)) = ‖R(λ,Γ)‖ = 1|ℜ(λ)| , as desired. 
3.2. Translation Group
In this group the automorphisms are of the form ϕt(z) = z+kt, where z ∈ U
and k, t ∈ R with k 6= 0. As noted earlier in subsection 3.1, without loss of
generality we let k = 1 and consider the self analytic maps ϕt : U → U
given by ϕt(z) = z + t for z ∈ U. Then the corresponding group of weighted
composition operators defined on L1a(U, µα) is therefore given by Ttf(z) =
f(z + t), for all f ∈ Lpa(U, µα).
Now using the duality relation given by equation (3.1) and its sesquilinear
pairing given by equation (3.2), we have:
Let g ∈ B∞,◦(U, i) and f ∈ L1a(U, µα), then
〈g, Ttf〉 =
∫
U
g(z)f(z + t)dµα(z)
=
∫
U
g(z)f(z + t)(ℑ(z))αdA(z).
Now by a change of variables, let ω = z+t, then z = ω−t and dA(ω) = dA(z).
Therefore,
〈g, Ttf〉 =
∫
U
g(ω − t)f(ω)(ℑ(ω))αdA(ω)
=
∫
U
g(ω − t)f(ω)dµα(ω)
= 〈T ∗t g, f〉.
Now, define St := T
∗
t on B∞,0(U, i). Then for g ∈ B∞,0(U, i), Stg(ω) =
g(ω − t) is the group of composition operators defined on B∞,◦(U, i). We
determine the semigroup properties of this group in the remaining part of
this paper.
Theorem 3.6. Let Stg(ω) := g(ω − t) be a semigroup of composition opera-
tors defined on B∞,◦(U, i). Then, (St)t∈R is a strongly continuous group of
isometries on B∞,◦(U, i).
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Proof. It is clear from the definition that (St)t∈R is a group. To prove that
(St)t∈R is an isometry, then by the definition of isometry, we have;
‖Stg‖B∞,◦(U,i) = sup
ω∈U
ℑ(ω)|(Stg)
′(ω)|
= sup
ω∈U
ℑ(ω)|g′(ω − t)|.
By change of variables, let z = ω− t then ω = z+ t and ℑ(ω) = ℑ(z). Hence,
‖Stg‖B∞,◦(U,i) = sup
z∈U
ℑ(z)|g′(z)|
= ‖g‖B∞,◦(U,i), as desired.
For strongly continuity propert, we argue as we did in the previous section.
We note that St = Cϕ−t which is strongly continuous on B∞,◦(U, i) if and
only if (Cψ−1◦ϕ−t◦ψ)t∈R is strongly continuous on B∞,◦(D, 0), which consists
of functions vanishing at point 0.
We compute ψ−1 ◦ ϕ−t ◦ ψ(z). Let at =
t
2i+t and bt =
2i−t
2i+t , then a straight
forward calculation yields
ψ−1 ◦ ϕ−t ◦ ψ(z) =
z − at
bt + atz
= ha(z),
where we have let ha(z) =
z−at
bt+atz
. Clearly, t → 0 as at → 0 and bt →
1. It therefore suffices to show that ‖Chaf − f‖B∞,◦(D,0) → 0 as t → 0.
Using density of polynomials in B∞,◦(D, 0), we let f(z) = z
n. Then Chaz
n−
zn = (ha(z))
n − zn, n ≥ 1. Therefore (Chaf − f)
′(z) = n[(ha(z))
n−1h′a(z)−
zn−1]. But ha(z) =
z−at
bt+atz
⇒ h′a(z) =
(bt+atz)(1)−(z−at)(at)
(bt+atz)2
. Therefore by
substituting,
(Chaf − f)
′(z) = n[(ha(z))
n−1h′a(z)− z
n−1]
= n
[(
z − at
bt + atz
)n−1
(bt + atz)− (z − at)(at)
(bt + atz)2
− zn−1
]
= n
[
(z − at)n−1(bt + atz)− (z − at)(at)
(bt + atz)n+1
− zn−1
]
.
Now,
lim
t→0+
‖Chaf − f‖B∞,◦(D,0) = lim
t→0+
(
sup
z∈D
(1− |z|2)|(Chaf − f)
′|(z)
)
= lim
t→0+
(
sup
z∈D
(1− |z|2)∣∣∣∣n
[
(z − at)n−1(bt + atz)− (z − at)(at)
(bt + atz)n+1
− zn−1
]∣∣∣∣
)
= lim
t→0+
(
sup
z∈D
(1− |z|2)
∣∣∣∣n[zn−1 − 0− zn−1]1
∣∣∣∣
)
= 0.
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Hence (St)∈R is strongly continuous, as claimed. 
Theorem 3.7. The infinitesimal generator Γ of (St)t≥0 on B∞,◦(U, i) is given
by Γg(ω) = −g′(ω) with the domain D(Γ) = {g ∈ B∞,◦(U, i) : g′ ∈ B∞,◦(U, i)}.
Proof. By definition, the infinitesimal generator Γ on B∞,◦(U, i) is given by;
Γg(ω) = lim
t→0+
g(ω − t)− g(ω)
t
=
∂
∂t
g(ω − t)
∣∣∣∣
t=0
= −g′(ω).
Therefore D(Γ) ⊂ {g ∈ B∞,◦(U, i) : g
′ ∈ B∞,◦(U, i)}. Conversely, let g ∈
B∞,◦(U, i) be such that g
′ ∈ B∞,◦(U, i). Thus we have;
Stg − g
t
= 1
t
∫ t
0
∂
∂s
Ssg ds
and for every ω ∈ U, ∂
∂s
Ssg(ω) = −g′(ω − s) = Ssg′(ω). Thus,∥∥∥∥Ssg − gt − f ′
∥∥∥∥ ≤ 1t
∫ t
0
‖Tsf
′ − f ′‖ ds → 0 as t→ 0
by strong continuity, and thereforeD(Γ) ⊇ {g ∈ B∞,◦(U, i) : g′ ∈ B∞,◦(U, i)},
which completes the proof. 
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